We study the radial quantization of the 3d O(N ) vector model. We calculate the higher spin charges whose commutation relations give the higher spin algebra. The Fock states of higher spin gravity in AdS 4 are realized as the states in the 3d CFT. The inner products between these states encode dynamical information. The construction of bulk operators from CFT is discussed as well. This serves as the simplest explicit demonstration of the CFT definition for the quantum gravity.
Introduction
Higher spin gauge theory in AdS was conjectured to be dual to the free CFT [1, 2] . In [3] , it was further proved that imposing the higher spin symmetry makes the CFT free. Due to the higher spin symmetry, the two sides of the duality are easy to approach. On CFT side, the free theory is totally solvable and so, the N-point correlation functions for conserved currents can be calculated directly [4, 5] . On gauge theory side, higher spin symmetry also makes it possible to get the exact correlators from the bulk Vasiliev theory [4] - [7] .
Aside from the identification of the correlation functions, another manifestation of the AdS/CFT duality is the state correspondence [8] . In most AdS/CFT examples, the dual CFT is interacting, for which, it is difficult to construct the states corresponding to the Fock states of the AdS theory. For the higher spin/vector model duality, the CFT is free, making it possible to do a complete radial quantization to get the states and charges which are supposed to be in one-to-one correspondence with the states and charges in the higher spin gravity. In this sense, CFT gives a definition of the quantum higher spin gravity in AdS. A consistent interacting theory for the non-Abelian higher spin gauge theory in AdS has been developed in [9] - [14] , but the quantization of the theory is still an open problem. With the higher spin gravity quantized, we can then compare the gauge theory results with the CFT predictions.
The higher spin gauge theory is most elegantly formulated in the fame-like formalism with fields taking values in the higher spin algebra [15, 16] . However, it is the totally symmetric traceless tensors h i 1 ···is that have the operator correspondence in CFT. As a result, CFT can only give a definition of the higher spin gauge theory in the metric-like formalism [17, 18] . Moreover, the CFT realization of the higher spin gravity states automatically obeys some kind of "Coulomb gauge". Therefore, to make the comparison between the two sides of the duality, it is also necessary to quantize the higher spin gravity in "Coulomb gauge". Since the gauge condition is intrinsically imposed in CFT, the constructed states are all physical without the redundant degrees of freedom to remove. Also, since the local gauge symmetry does not exist anymore, the subtleties of the quantum gravity coming from the diffeomorphism invariance do not arise in its CFT definition. The conclusion also holds for the generic AdS/CFT correspondence without the higher spin symmetry.
In the free O(N) vector model, one can use the higher spin charges and their commutators to get the higher spin algebra. The higher spin charges have a simple oscillator expression a + a. We compute two sets of charges P s µ 1 ···µn and K s µ 1 ···µn explicitly, which are the higher spin generalizations of the translation generator P 2 µ = P µ , the special conformal transformation generator K Single and the multiple particle states are all constructed, composing the complete Fock space for the non-perturbative higher spin gravity in AdS 4 . The 1-particle Hilbert space of the higher spin gravity forms the irreducible representation of the higher spin algebra. The generalized Flato-Fronsdal theorem is re-proved in AdS D+1 . Since the CFT is free, states with the different numbers of the particles are orthogonal to each other. Single particle states with the different spins are also orthogonal to each other, which is traced to the SO(3, 2) symmetry in AdS and CFT. The inner products for the multi-particle states encode the dynamical information. For example, the spin 0 + spin 0 ←→ spin 0 + spin 2, spin 4 + spin 0 ←→ spin 2 + spin 2 spin changing processes can happen with the 1/N suppression, indicating that the dual AdS theory is not free with the coupling constant g ∼ 1/ √ N . With the CFT given, it is natural to ask aside from the charges, the spectrum and the corresponding states, whether there is more information about the AdS, like the bulk operators, that can be extracted from CFT. The topic has been intensively discussed in the literatures, see, for example, [26] - [38] . We will add more comments. For the AdS theory, let Φ(x, ρ) be a set of operators in AdS. Φ(x, π/2) are operators in ∂AdS. The SO(3, 2) transformation law for Φ(x, π/2) is the same as the conformal transformation law of the primary operators O(x) in CFT with the definite conformal dimension. So with the conformal generators in CFT identified with the so(3, 2) generators in AdS, O(x) could be taken as the boundary limit of some AdS operators. Usually, with a bulk operator Φ(o) given, {gΦ(o)g −1 |g ∈ SO(3, 2)} could give the whole set of operators in AdS. However, this does not hold for the boundary operators. {gΦ(b)g −1 |g ∈ SO(3, 2)} for b ∈ ∂AdS only gives operators in the boundary. As a result, two set of AdS operators may have the same boundary value, i.e.
{Φ(x, ρ)|(x, ρ) ∈ AdS 4 } = {Φ
′ (x, ρ)|(x, ρ) ∈ AdS 4 },
but {Φ(x, ρ)|(x, ρ) ∈ ∂AdS 4 } = {Φ ′ (x, ρ)|(x, ρ) ∈ ∂AdS 4 }.
Especially, with the boundary Φ(x, π/2) given, one can always find a consistent bulk extension Φ f (x, ρ) by solving the free field equation with Φ(x, π/2) the boundary value. So, the bulk extension of O(x) is not unique. We are interested in the Heisenberg operators Ψ(x, ρ) for fields in AdS theory. Even if O(x) could be taken as the boundary limit of Ψ(x, ρ), the CFT data is not enough to determine the bulk Ψ(x, ρ). We may get O f (x, ρ) by solving the free field equation, but obviously, O f (x, ρ) = Ψ(x, ρ) unless the theory is free. In principle, once a single bulk Ψ(o) gets the CFT realization, the action of SO(3, 2) will then offer the whole set of Ψ(x, ρ) in CFT. However, it is not quite clear which operator in CFT should be identified with Ψ(o). The requirement of [K µ − iP µ , Ψ(o)] = 0 and −i[M µν , Ψ(o)] = Σ µν Ψ(o) could guarantee that Ψ(o) is an operator in the bulk with the spin s, but is far from enough to uniquely fix it.
Nevertheless, in AdS theory, aside from Ψ(x, ρ), the other interesting operators are a 
To calculate the transition amplitude for physical particles, Φ + λ,s (x, ρ) is enough. In fact, in a non-perturbative treatment of the theory in AdS, we start from Ψ(x, ρ) for bare fields but still end up with Φ + λ,s (x, ρ), since it is Φ + λ,s (x, ρ) that is directly related with the observation. In this sense, CFT can indeed provide the complete physical dynamical information in AdS.
The rest of the paper is organized as follows. In section 2, we discuss the radial quantization of the 3d free O(N) vector model; in section 3, the so(3, 2) generators of the CFT are calculated; in section 4, the higher spin charges are computed, while the corresponding higher spin algebra is considered; in section 5, the one-to-one correspondence between the Hilbert space of the 3d CFT and the quantum higher spin gravity in AdS 4 is constructed; in section 6, we discussed the possibility to get the bulk operators from CFT; the conclusion is in section 7.
The radial quantization of the 3d O(N ) vector model
The action of the free scalar field theory with the O(N) symmetry in 3d is
where φ are N real scalars in the fundamental representation of O(N). The field equation is
With x 1 replaced by ix 1 , we get the theory in Euclidean space. In spherical coordinate,
. Also, n µ = x µ /r with n 1 = cos θ, n 2 = sin θ cos ϕ, n 3 = sin θ sin ϕ.
Introducing the dimensionless field χ = r 1 2 φ, 1 The solution can be expanded as [39] χ(r, θ, ϕ) =
Let r = e it with t the proper time, (6) becomes [39] χ(r, θ, ϕ) =
with a l,m = [a
χ can also be expanded as
Correspondingly,
a i 1 i 2 ···i l and a
are traceless totally symmetric operators encoding 2l + 1 degrees of freedom, the same as a lm and a
there will be a
If a
we may have f
Also, there are
[a
where
As a result,
which is the equation we will frequently use in later calculations.
The conformal group generators in 3d CFT
For the 3d free scalar field theory, the traceless totally symmetric conserved stress tensor is
The SO(3, 2) conformal group is generated by operators {D,
In radial quantization, these operators are given by [39] 
satisfying
The Hamilton operator is H = iD. As shown in Appendix A, with (11) plugged in, we obtain
Taking into account of the fact that a + and a are traceless, we have
which satisfy
[H, a
One can see with the commutator (23), the operators in (32)- (35) do form the so(3, 2) algebra. Especially, [H,
and K µ increases and decreases the energy by 1, respectively. Also, we have
It is easy to show
as is required.
4 The conserved charges in 3d CFT and the higher spin algebra
The traceless totally symmetric conserved current for the 3d free scalar field theory was constructed as follows [40] 
In this Section, we will compute the charge Q explicitly, which gives another oscillator realization of the higher spin algebra.
J i 1 ···is has the conformal dimension s + 1. k µ , k µ;α and k µ;αβ have the conformal dimensions −1, −2 and −1, respectively, so
so if j is the conserved current, i.e.
is a constant, there will be
the corresponding charge, so
Q(l, m, n, s) has the definite conformal dimension. Charges can only be the linear combinations of the terms like
Obviously, it is a + ν 1 ···ναq 1 ···q l a µ 1 ···µ β q 1 ···q l and a ν 1 ···ναq 1 ···q l a + µ 1 ···µ β q 1 ···q l that are allowed with α−β = s − 1 − l − 2m − n and β − α = s − 1 − l − 2m − n, respectively. Especially, the charge for J µi 1 ···i s−1 is the linear combination of a
with
In short, the action of k µ is to eliminate the µ index from a + ; the action of k µ;α is to eliminate the µ index from a + and add the α index in a; the action of k µ;αβ is to replace the µ index in a + by the α/β index and add the β/α index in a with α and β anti-symmetric. It is easy to see the constructed charge indeed has the expected conformal dimension.
In the following, we will calculate two special sets of charges P s µ 1 ···µ k and K s µ 1 ···µ k , which are the higher spin generalization of P µ , D and K µ .
Plugging (65) into (43) and then (62), one can see the generic form of P
(66) can be rewritten as
[P
The checking with the lower spin case shows that f (s, k, l) is a s − k − 1 order polynomial, so we will have
Obviously, [P s , P
is a tensor in the representation of so(3, 2), so [P
should also be a spin-s operator. We actually have
For s = 2, 3, 4, the direct calculation gives
verifying our expectation. The algebra is then
} form two subalgebras of the higher spin algebra. With some tedious calculations, the rest higher spin charges can also be worked out, giving rise to the CFT realization of the higher spin charges which is supposed to be constructed from the higher spin gauge fields in AdS 4 . In radial quantization, the charges listed in (47) have the definite conformal dimension but are not necessarily Hermitian. If Q is a conserved charge with the dimension ∆, Q + will also be the conserved charge with the dimension −∆. We will then get the Hermitian charges Q + Q + and iQ − iQ + that does not have the definite conformal dimension.
Especialy,
More generically,
where V s,k,n are coefficients to be determined via
is consistent with (50).
In [41] , it was shown that the higher spin algebra ho(1|2 : [3, 2] ) admits a basis formed by a set of elements M A 1 ···A s−1 ,B 1 ···B s−1 in irreducible representations of SO(3, 2) characterized by two row rectangular Young tableaux. A i , B i = 0, 1, 2, 3, 4.
When s = 2, {M A 1 ,B 1 } gives the so(3, 2) algebra. All generators transform as SO(3, 2) tensors:
We can make a mapping from {P
According to (86), for each spin s, there is a unique
For k ≥ 2, the relation between P
is more complicated. Nevertheless, with D = iM 0,4 , the higher spin generators M A 1 ···A s−1 ,B 1 ···B s−1 can be rearranged as the generators with the definite conformal weight ∆, which will then correspond to the CFT operators taking the form of a
The above discussion can be directly extended to dimension d. The totally symmetric traceless conserved spin-s tensor is
When s = 2,
from which, we get
The generic form of P
The state correspondence for the higher spin/vector model duality
With the radial quantization of the CFT done, we are ready to build the one-to-one correspondence between the Hilbert space of the higher spin gravity in AdS and the Hilbert space of the CFT. Consider the quantum higher spin gravity in AdS 4 . The vacuum state could be denoted as |Ω . AdS 4 has the SO(3, 2) isometry, so the operators P µ , K µ , H and M µν with µ, ν = 1, 2, 3 can be constructed from the theory in AdS 4 . Moreover, higher spin gravity also has the higher spin symmetry, so the higher spin charges, including P s µ 1 ···µs and K s µ 1 ···µs , can also be built in AdS theory. According to the AdS/CFT correspondence, these operators in AdS, although have the different origin, can be identified with the corresponding operators in CFT.
The one particle states of the higher spin gravity in AdS 4 form the infinite dimensional unitary reducible representation of SO(3, 2) [43, 44, 45] . For each spin s, there is a lowest energy state |λ, s with K µ |λ, s = 0. The Hilbert space of the single particle state for spin-s field is generated by {P µ 1 · · · P µn |λ, s |n = 0, 1 · · ·}.
(100)
P µ 1 · · · P µn can be decomposed into the traceless tensors {P (n) µ 1 ···µ l |l = n, n − 2, · · ·}, which are the unitary irreducible representations of SO(3).
µ 1 ···µ l |λ, s = |n, l; λ, s . Acting on the lowest energy state, P (n) µ 1 ···µ l will give the orbit angular momentum l and the external energy n.
The 1-particle Hilbert space of the spin-s field have the basis {|n, l; λ, s |n = 0, 1, · · · ; l = n, n − 2 · · ·}, forming the unitary irreducible representation of SO(3, 2). Let C 2 be the quadratic Casimir operator of SO(3, 2), then
Under the SO(3, 2) transformation, both the energy and the angular momentum change, but the spin is preserved. The 1-particle Hilbert space for higher spin gravity in AdS 4 is then decomposed into the subspaces for each spin. Under the higher spin symmetry transformation, particles with the different spins will be mixed. Let Q be a generator of the higher spin transformation, we may expect
The matrix Q n,l,λ,s n ′ ,l ′ ,λ ′ ,s ′ gives the representation of the higher spin algebra in the 1-particle Hilbert space of the higher spin gravity, whose exact form can be determined in 3d CFT via the AdS/CFT correspondence. Now, back to the CFT side. In 3d free scalar field theory, there is a set of spin-s primary operators
Especially,
if O i 1 ···is (x) is regular at x = 0.
the analytic part of O at x = 0. We will only keep the analytic part of O i 1 ···is (x), for which, the descendants
Suppose |0 is the vacuum state of the 3d CFT, H |0 = 0 3 , then O i 1 ···is (0) |0 is a state with spin s, energy s + 1. This is the standard operator/state correspondence in CFT.
According to the AdS/CFT dictionary, the identification
can be made. O(0) |0 is a 1-particle state for the spin 0 field in AdS 4 with the energy 1; O i 1 i 2 (0) |0 is a 1-particle state for the spin 2 field in AdS 4 with the energy 3.
|0 is the lowest energy state. In fact, since
let O i 1 ···is (0) |0 be the most generic linear combination of the a + a + |0 terms with the energy s + 1, i.e.
imposing
The boost operator P µ has been constructed in CFT.
2 Here, the analytic part is just the creation operator. For the generic operator O(x) in an interacting CFT, the
decomposition is always possible, from which, the analytic part with n ≥ l can be uniquely determined and can also be taken as the creation operator. 3 The vacuum energy in H is dropped.
It is direct to write down P (n) µ 1 ···µ l |λ, s = |n, l; λ, s . Let us give some simple examples. For the spin 0 particle in AdS 4 , the lowest energy state is |1, 0 = a + a + |0 .
is the state with the angular momentum 1, energy 2.
is the state with the angular momentum 2, energy 3.
is the state with the angular momentum 0, energy 3.
The primary operator O i 1 ···is corresponds to a state of spin s particle with the energy s + 1, while the descendant operator [
n−l 2 − traces]O i 1 ···is corresponds to a state of the spin s particle with the energy n + s + 1 and the orbit angular momentum l [8] . A special case is P (n)
[∂ µ 1 · · · ∂ µn − traces] could be compared with the chiral primary operator
in, for example, N = 4 SYM theory. The former generates the angular momentum in S p−2 of AdS p , while the latter gives the angular momentum in the transverse S q . In the longitudinal space, X I is replaced by −i∂ µ .
As is proposed in [24, 25] , another way to get the states with the given angular momentum and energy is by the Fourier transformation. The two ways are equivalent. In an arbitrary CFT that is not necessary free, for the operator O(x) which is analytic at x = 0
Taking r = e it , we have dt e 0) is obtained by the Fourier transformation. Finally, let us check the degrees of freedom in spin s field.
O i 1 ···is (x) is conserved, ∂ i 1 O i 1 ···is (x) = 0, reducing the original 2s + 1 degrees of freedom to 2. O i 1 ···is (x) automatically obeys some kind of "Coulomb gauge".
so
This is the manifestation of the gauge condition in momentum space. O n µ 1 ···µ l ; i 1 ···is (0), the creation operator for the particle with the quantum number (n, l; s + 1, s), is symmetric with respect to the µ and ν indices separately and traceless with respect to all indices, i.e.
O n µ 1 ···µ l ; i 1 ···is (0) only creates the physical states with no extra degrees of freedom to remove. There is no local gauge symmetry anymore. All we have is the global non-abelian higher spin symmetry. Also,
the local gauge condition is invariant under the global gauge transformation. Since the higher spin charges can be explicitly constructed in the 3d CFT, it is direct to consider the action of the charges on the 1-particle state |n, l; s + 1, s and the higher spin transformation of |n, l; s + 1, s . Before it, let us first see the realization of the singletons and the doubletons [46, 47, 48] in the 3d CFT. a + |0 is the lowest energy state of the Dirac singleton Rac = D(1/2, 0).
D(1/2, 0) is the space generated by {a
Higher spin charges with the weight p is the sum of the terms like a + µ 1 ···µ n+p i 1 ···i l a ν 1 ···νni 1 ···i l , so obviously, D(1/2, 0) forms the irreducible representation of the higher spin algebra and also so(3, 2).
The tensor product of two scalar singletons is
which is also the irreducible representation of the higher spin algebra but is reducible with respect to so(3, 2). The 1-particle Hilbert space of the higher spin gravity in AdS 4 is ⊕ s=0,2,··· D(s + 1, s) = H {O n µ 1 ···µ l ; i 1 ···is (0)|0 |s=0,2,···;n=0,1,···;l=n,n−2···}
= H {|n,l;s+1,s |s=0,2,···;n=0,1,···;l=n,n−2···} .
There will be
We will prove (136) in the generic D dimension. For compactness, (135) is rewritten as
In dimension D, the tensor T µ 1 ···µn = T {µ 1 ···µn} has the independent components A n =
, the tensor T µ 1 ···µn = T {µ 1 ···µn} with T ααµ 3 ···µn = 0 has the independent components
, with the total number of the degrees of freedom
On the other hand, in H {Pµ 1 ···Pµ n O i 1 ···is (0)|0 |s=0,2,···;n=0,1,···} , the states with energy N + D − 2 are
with the total number of the degrees of freedom
(141) and (143) are equal, so we arrive at (136). H {|n,l;s+1,s |s=0,2,···;n=0,1,···;l=n,n−2···} , the 1-particle Hilbert space of the higher spin gravity in AdS D+1 , forms the irreducible representation of the higher spin algebra, but the reducible representation of so(D, 2), under which it is decomposed into the irreducible representations D(s + 1, s):
is the 1-particle Hilbert space for the spin s field. In [47, 48] ,
was proved for AdS 4 , while in [49] , the discussion is extended to the arbitrary dimensions.
In [49] , the higher spin charges get the oscillator representation in terms of a A , a A , satisfying the commutation relations
(a A ) + = a A , for so(D, 2), A = 0, 1, · · · , D + 1. The single particle states of the higher spin gravity are then represented by the Fock module |Φ = Φ(a A ,ā A ) |0 . Here, the higher spin charges and the single particle states are realized in terms of the oscillators a + µ 1 ···µn and a µ 1 ···µn in CFT.
H {|n,l;s+1,s |s=0,2,···;n=0,1,···;l=n,n−2···} forms the irreducible representation of the higher spin algebra. For the higher spin charge Q with the dimension ∆, there will be
as well as
Since
The
. O s (x) as well as its descendants also form the irreducible representation of the higher spin algebra.
{|n, l; s + 1, s } is the orthonormal basis in the 1-particle Hilbert space of the higher spin gravity. (148) then gives a matrix realization of the higher spin algebra ho(1|2 : [3, 2] ). Especially, so(3, 2) are block diagonal matrices for the basis {|n, l; 1, 0 , |n, l; 3, 2 , |n, l; 5, 4 , · · ·}.
For a conserved charge Q, Q + is also the conserved charge, which means if the matrix t ∈ ho(1|2 : [3, 2] ), t + ∈ ho(1|2 : [3, 2] ). Since the group parameters of G[ho(1|2 : [3, 2] )] are all real, with t ± t + taking the place of t and t + , we will get a real algebra with T = T + . Now we will consider the inner products between the higher spin gravity states in AdS. For the single particle state, the checking with the low spin states shows that for s = s ′ ,
In fact, since the quadratic Casimir operator C 2 is Hermitian,
The 1-particle Hilbert spaces with different spins are orthogonal to each other. The generic m-particle states can be written as
which has the energy m i=1 (s i + n i + 1). The normalization factor 1/N m 2 is added because the norm of P (n)
is the state for two spin 0 particles, each has the angular momentum 1.
is the state for one spin 0 particle and one spin 2 particle, both have the zero orbit angular momentum. p, q, r, s are color indices. We can also calculate the inner products between the multi-particle states. As we have seen before, states created by O n µ 1 ···µ l ; i 1 ···is (0) automatically carry the right degrees of freedom, so the corresponding inner products give the physical amplitude. It is expected that with the higher spin gravity in AdS 4 quantized and the multi-particle eigenstates constructed, such inner products can be recovered.
so the spin 0 + spin 0 ←→ spin 0 + spin 2 (159) process is possible. Similarly, there is also spin 4 + spin 0 ←→ spin 2 + spin 2.
(158) is proportional to 1/N, while the cubic coupling constant in higher spin gravity is g ∼ 1/ √ N, so (159) is the combination of two cubic vertices. When N → ∞, the gravity theory is free; the inner product (158) becomes zero. This is expected, since at the free theory level,
|0 are orthogonal to each other. Since the CFT is free, states with the different numbers of particles are orthogonal to each. However, the theory in AdS is not free and the spin changing interactions do exist.
Multi-particle states also form the representation of the higher spin algebra.
In this respect, they can be taken as the direct product of the single particle states, although they are not the direct products as we can see from the calculation of the inner products. Finally, let us have a complete classification for the states in the Hilbert space of the O(N) vector model. Imposing the condition that the physical states must be O(N) invariant. The Fock space of the theory is
With a change of the basis, (161) becomes the Fock space of the higher spin gravity in AdS 4 . Since the gauge condition is intrinsically followed, the states are all physical with no extra gauge degrees of freedom. In N=4 SYM theory, except for the trace, the SU(N) invariant operators can also be constructed as the determinant [19, 20] , which are dual to the giant gravitons (spherical branes) extending in AdS 5 or S 5 [21, 22, 23] . However, in O(N) vector model, the determinant operators are SO(N) other than O(N) invariant, thus do not exist in the O(N) invariant spectrum.
Bulk operator from CFT revisited
We have considered the CFT definition of the quantum higher spin gravity in AdS 4 . For the generic AdS/CFT correspondence, the discussion is the same. Since the CFT and the AdS theory share the same symmetry, one can compute the conserved charges in CFT, which could be identified with the corresponding charges for the theory in AdS. With the so(3, 2) generators given, in the radial quantization of the CFT, we will first find a set of the primary operators Constructing O(0) as well as its derivatives at 0 requires to solve the CFT exactly, which is not so straightforward in the interacting theory. Getting rid of these technical difficulties, the philosophy is identical. CFT could offer the spectrum as well as the physical particle states in AdS. A natural question is whether there is more AdS information, for example, the bulk operators, which could be extracted from CFT. The problem has been intensively discussed, see, for example, [24] - [36] . For higher spin situation, see [50, 51] , in which the bulk higher spin fields are constructed in terms of the bi-local fields in the O(N) CFT [52] . We will add more comment on the topic. The following discussion applies for the generic CFT that is not necessarily free.
AdS 4 could be taken as the hyperboloid in R 3,2 4 a,b=0
where η ab = diag(+, (−) 3 , +). In terms of the coordinate y a , the Killing vectors in AdS 4 can be written as
The field theory in AdS 4 has the SO(3, 2) generators M ab , which, when acting on the operator Φ θ,s (y), gives
Φ θ,s (y) is the operator with the spin s. The meaning of θ will be explained later. Note that M ab is coordinate dependent: under the SO(3, 2) transformation, both M ab and y will change. In the given coordinate system, consider a special point o = (1, 0, 0, 0, 0), i = 1, 2, 3,
where we have assumed Φ θ,s (o) only carries the spin indices in (1, 2, 3 
Starting from Φ θ,s (o) and M ab ,
gives the whole set of Φ θ,s (y) in AdS 4 . The EAdS 4 is the hyperboloid in R 4,1 , for which, one can just replace y 0 by iy 0 in the above discussion. The boundary of AdS 4 could be characterized by 
then for R = ∞,
(170) Φ θ,s (b) commutes with the subalgebra a[G 3,1 ] generated by {K α , M αβ }, which, however, is not isomorphic to so (3, 1) . Φ θ,s (b) and Φ θ,s (o), {K α , M αβ } and {M ij , M i0 } may be related by an infinite SO(3, 2) transformation g(∞). The finite SO(3, 2) transformation will map ∂AdS 4 to ∂AdS 4 . Especially, the finite rotation generated by M 01 will leave b invariant, so
only brings a change of the phase, which gives the origin of θ. As a result,
where we have used e i(Pαu α +M 01 ρ) = e iPαu α (1+ρ/2) e iM 01 ρ . Since
[P α , Φ θ,s (x)] = −i∂ α Φ θ,s (x). Moreover, from the so(3, 2) algebra and the relation
one can further get
which is the conformal transformation law for the primary operators in CFT. The transformation in (174) is different from (163) because we use the coordinate x α other than y a at the boundary. The boundary is in the (234) 
. We are actually talking about EAdS 4 in R 4,1 using the R 3,2 language.
e iM 04 ρ will leave b ′ fixed thus can only bring a phase to Φ θ,s (b ′ ). Φ θ,s (b ′ ) commutes with the subalgebra generated by From a given bulk operator Φ θ,s (o) with o ∈ int(AdS 4 ), (167) gives the whole set of operators in AdS. Unfortunately, with the boundary operator Φ θ,s (b) given, its bulk extension is not unique. The finite SO(3, 2) transformation can only send the boundary operators to the boundary.
θ,s · · ·} forms an irreducible representation of so(3, 2) with A θ,s the lowest energy operator, i.e.
[g, C 2 ] = 0, ∀g ∈ SO(3, 2), so
As one possible bulk extension, we take
Requiring In fact, let Φ(y) be the arbitrary local operator in AdS 4 , which can always be written as
Φ(y) satisfies the free field equation with the mass m.
; for the generic Φ θ,s (y), we do not have the bulk Φ θ,s (o) which is the eigenstate of C 2 .
For the theory in AdS, we are interested in the Heisenberg operators Ψ θ,s (x, ρ) for fundamental fields of the theory. At ∂AdS 4 , Ψ θ,s (x, ρ) reduces to Ψ θ,s (x) with the SO(3, 2) transformation law given by (174). One can get Ψ f θ,s (x, ρ) from the boundary Ψ θ,s (x), but obviously, Ψ θ,s (x, ρ) does not satisfy the free field equation unless the theory is free. Except for Ψ θ,s (x, ρ), another set of operators of interest are Φ + λ,s (x, ρ), which are operators creating the physical particles of the type (λ, s) in AdS.
Consider the QFT in AdS. Based on the nonperturbative analysis, it has a unique vacuum |Ω , the operators H, P µ , K ν , and M µν generating the SO(3, 2) transformation, the discrete single particle states |ω, j; λ, s as well as the multi-particle states |Ω, J; Λ, S , which are eigenstates of H and M µν 5 . |ω, j; λ, s /|Ω, J; Λ, S are states for physical particles whose masses taking the measured values.
Under the SO(3, 2) transformation, the Hilbert space is decomposed into the direct sum of the irreducible representations characterized by (λ, s)/(Λ, S). In each representation, there is a lowest energy state |λ, s; λ, s /|Λ, S; Λ, S with K µ |λ, s; λ, s = 0/K µ |Λ, S; Λ, S = 0. It is possible to construct the creation operator a + ω,j;λ,s with a + ω,j;λ,s |Ω = |ω, j; λ, s , a ω,j;λ,s |Ω = 0. Operators creating the physical particles in AdS should take the form of
Φ + λ,s (x, ρ) satisfies the free field equation in AdS, which is entirely due to the symmetry. For interacting QFT in Minkowski spacetime, local operators creating the physical particle with mass m should also satisfy the free field equation with mass m. Φ 1/2 , which does not need to be the bare mass in Lagrangian. Φ
Ψ θ,s (x, ρ) satisfies the nonlinear equation. As a result, except for the single particle states in (λ, s) representation, the rest states in (189) may also contribute. Usually, Φ
One can also construct the multi-particle states a
|Ω and compute the inner products between them. If the commutation relation for a + and a is just [a ω,j;λ,s , a
s ′ , multi-particle states reduce to the products of the single particle states with the trivial inner products. This is not the case. a + ω,j;λ,s and a ω,j;λ,s , as the operators creating and annihilating the physical particles, are complicated composite operators of the bare fields and thus will have the nontrivial commutator. As a result, for spacelike separations,
unless the theory is free.
gives the transition amplitude for a physical particle (λ, s) at (x, ρ) to jump to the physical
, which is the same as the free field calculation.
is the transition amplitude for n physical particles ( 
However, from the given boundary operator, the bulk extension is not unique. We are interested in Ψ θ,s (x, ρ). Even if O λ,s (x) could be taken as the boundary limit of Ψ θ,s (x, ρ), there is no clue to find the bulk extension which is of course not O f λ,s (x, ρ). In principle, as long as one bulk Ψ θ,s (o) get the CFT realization, (167) will give the whole set of Ψ θ,s (x, ρ) in AdS, since the so(3, 2) generators are constructed. Again, we do not know how to write Ψ θ,s (o) in CFT.
Now, let us turn to EAdS 4 whose boundary is given by (179). It is the Euclidean CFT that should be put on the boundary. 0 ≡ lim R→∞ (iR, 0, 0, 0, √ R 2 + 1). O 
It is only in N → ∞ limit
The CFT realization of (197) is
Again, assuming t 1 = · · · = t n and t
gives the time transition. As we can see explicitly, O + λ,s are composite operators, and so the multi-particle transition amplitude is nontrivial with the interaction playing a role.
It is commonly recognized that from CFT, the bulk operator
can be built satisfying the free field equation. For spacelike (x, ρ) and (
in which case, the locality can be preserved. When N = ∞, the bulk theory is free, O λ,s (x, ρ) can be identified as Ψ λ,s (x, ρ), while for the latter, the spacelike commuting condition is always imposed. However, the free theory is not interesting, we still want to consider the finite N case, for which,
In [37, 33, 38] , it was proposed that the multi-trace operators can be added to O λ,s (x, ρ) so that the spacelike commuting condition is obeyed also for finite N, making the final operator a candidate of Ψ λ,s (x, ρ). It is good to get the CFT realization of Ψ λ,s (x, ρ). However, O In some sense, the CFT definition of the quantum gravity is in the S-matrix formalism, although there is no S-matrix here. The spectrum, states and their inner products can all be constructed, but the dynamics of the fundamental quantum fields giving rise to these excitations is obscure. Equivalent to building Ψ λ,s (x, ρ), one can instead try to find
where |f λ,s are eigenstates of the field operators Ψ λ,s (x, ρ) with 
O + 1,0 (o) has several interesting properties.
Let a + and a collectively represent a
soN is the particle number operator. Since [M ab ,N] = 0, we actually have 
and especially, 1
Finally, since the Hamiltonian and the corresponding spectrum and states are in oneto-one correspondence in AdS and CFT, the partition functions Z = Tre −βH should also be equal in both sides [8, 53] . We have considered the CFT with the SO(3, 2) invariance. One may add the suitable Noether coupling h i 1 ···is (x)O i 1 ···is (x) into the Lagrangian so that the SO(3, 2) symmetry is broken to R 1 . The CFT will have the modified Hamiltoniañ H, for which, one can also find the spectrum {ω} and states {|ω }. Then the question is whether there is also a gauge dual for the modified CFT. When h i 1 ···is = 0, the dual theory is the higher spin gravity in AdS 4 . It is unlikely that the gauge/gravity correspondence will suddenly cease just because h i 1 ···is is a little away from 0. A natural guess is that the dual theory is the higher spin gravity on a new background that is a perturbation of AdS 4 . Let G(x, ρ) be the modified background fields, then for the gauge/gravity correspondence to be valid, G(x, ρ) should be entirely induced from h i 1 ···is (x), i.e. G = G(h). On CFT side, with h i 1 ···is (x) the coupling constants, RG flow will then give the entire G(x, ρ). On AdS side, one may take h i 1 ···is (x) as the boundary condition to get G(x, ρ) by solving the equation of motion. The partition functions on both sides are still expected to be equal, so
In the generic case, the R 1 symmetry is also broken, and so, there is no conservedH. Nevertheless, the correspondence is still valid with G = G(h) and
We have seen that the SO(3, 2) transformation of the boundary AdS operators is the same as the conformal transformation of the primary CFT operators with the definite conformal dimension. With the AdS vacuum identified with the CFT vacuum, the boundary AdS operator identified with the corresponding CFT operator, there will be
where the left and the right hand side of (218) are correlation functions of the boundary operators in AdS and the corresponding operators in CFT respectively. This is in agreement with Witten's prescription. Suppose J λ,s (x) are sources at the AdS boundary and in CFT coupling with Φ λ,s (x) and O λ,s (x), there will be
X is the coordinate in AdS, Φ λ,s (X) and φ(x) represent fields in AdS theory and CFT respectively. In (220), J λ,s (x) acts as the source at the AdS boundary. Strictly speaking, (220) is different from
in which, the boundary field is fixed to be J λ,s (x). After the Legendre transformation, (220) becomes
We have discussed the radial quantization of the 3d free O(N) vector model, which is supposed to be dual to the higher spin gravity in AdS 4 . Higher spin charges get the oscillator realization in CFT. We only calculated two special classes of charges P s µ 1 ···µn and K s µ 1 ···µn explicitly, but it is straightforward to get the whole set of conserved charges composing the higher spin algebra. The discussion can be directly extended to the D dimensional CFT. The non-pertubative quantum higher spin gravity in AdS 4 should have a set of the basis composed by the physical single particle states |n, l; λ, s as well as the multi-particle states. In CFT, the fock states of the higher spin gravity are realized as
and
(240) It is easy to prove that the 1-particle Hilbert space of the higher spin gravity in AdS forms the irreducible representation of the higher spin algebra. The conclusion holds for the D dimensional CFT and AdS D+1 . The CFT realization of the fock states automatically carries the right degrees of freedom with no redundancy to remove. As a result, there is no local higher spin symmetry left. We can compute the inner products between the fock states, which are supposed to carry the whole dynamical information of the theory and are expected to be reproduced once the higher spin gravity is quantized.
The vector model/higher spin gravity duality gives the simplest example of the CFT definition of the quantum gravity. For the generic AdS/CFT correspondence, the difficulty lies in the explicit CFT construction of O n µ 1 ···µ l ; i 1 ···is (0) but the spirit remains the same. Except for the spectrums and the corresponding states, one may also want to get the CFT realization of Ψ(x, ρ), the Heisenberg operators for the fundamental fields of the AdS theory. This is possible as long as one bulk Ψ(o) gets the CFT realization. However, it is not obvious which operator in CFT should be identified as Ψ(o). The operators at hand are the primary operators with the definite conformal dimensions that could be taken as the boundary limit of some AdS operators. With the boundary values given, the bulk extension is not unique. One can always find a consistent bulk extension by solving the free field equation, but Ψ(x, ρ) satisfies the free field equation only in free theory limit. Except for Ψ(x, ρ), the other set of operators of interest is Φ + (x, ρ), the creation operators for physical particles in AdS. Φ + (x, ρ) satisfies the free field equation and could be explicitly constructed in CFT. In a non-perturbative treatment of the quantum higher spin gravity in AdS, we will still try to find Φ + (x, ρ) at the end, because it is Φ + (x, ρ) that is directly related to the observation.
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A The calculation of D and P µ D = i S 2 dΩ n µ n ν T µν (1, θ, ϕ),
The direct calculation gives 
where we have used
N µj 1 ···j l ; µi 1 ···i l = l + 1 2l + 1
With ( 
Note that
unless l − l ′ = ±1. Without loss of generality, we can let l ′ = l + 1, P ν becomes ).
Moreover, since
(257) can be further simplified into P ν = −i (2l + 1)(2l + 3)N j 1 ···j l+1 ; νi 1 ···i l a
